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Abstract
In this article, we have discussed a minimal extension of the Standard Model (SM), in which the neutrino
mass matrix is obtained from type-I and type-II seesaw with the assistance of the non-abelian discrete ∆(27)
symmetry. In this model, we have added two Higgs doublets, which will give mass to the charged leptons and
two right-handed neutrinos (ν1, ν2) and five scalar triplets ∆i(i = 1, 2, ..., 5) to give masses to the neutrinos
through type-I and type-II seesaw mechanism. The extra particle, one scalar singlet we have added to make
the Lagrangian invariant and which will give the mass to the second neutrino. The massiveness of neutrino
can be realized after introducing two right-handed neutrinos and three scalar triplets, these right handed
neutrinos transform as a singlet under SU(2)L, as 11 and 12 under ∆(27). Similarly, the scalar triplets are
triplets under SM as well as under ∆(27) also. We further connote with the detailed numerical investigation
of neutrino oscillation data like non-zero reactor mixing angle (θ13), Dirac CP-violating phase (δCP ), the
sum of the light neutrino masses, two mass squared differences and its implication to neutrino-less double
beta decay (NDBD).
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I. INTRODUCTION
In the course of recent decades, Standard Model (SM) of particle physics has risen as an extensively
acknowledged model which represented the interchange of three fundamental forces - strong, weak,
electromagnetic forces, elementary particles including quarks and leptons. Significantly, after the
revelation of the Higgs boson at LHC [1–3], understanding the starting point of littleness associated
with neutrino mass still stays an open inquiry. SM is an incredibly successful theory that explains
almost everything except gravity, hierarchy problem, neutrino mass, dark matter, matter-antimatter
asymmetry and many more [4, 5]. Among all, the most interesting topic is the neutrino mass. From
the experimental point of view, the neutrino is massive as it oscillates from one type to another [6, 7],
which contradicts the theory of SM. Neutrinos have furnished us with a window to look beyond the
Standard Model (BSM). Plenty of striking exploratory results have moved us to a point where we
definitely realize a lot about the fundamental structure of the neutrino mixing matrix. Present-day
scenario shows that the mixing angle θ13 has a non-vanishing value from several experiments Double
Chooz [8], Daya Bay [9], RENO [10], T2K, [11] etc. Here we are going to ponder the neutrino mass
framework Mν , which is organized from discrete flavor symmetry. As a general case, the neutrino
mass matrix can be diagonalized by the UPMNS [12, 13] framework as
Mν = U
∗
PMNS · diag(m1,m2,m3) · U†PMNS
where m1,m2,m3 are the real mass eigenvalues. UPMNS is the standard mixing matrix, which is given
in the Eq. (28).
In spite of the fact that the neutrino mixing angles θ12, θ23 and the two mass-squared differences
have been all around estimated at a few neutrino oscillation experiments. However, an upper bound
was available (reliable with zero) for the other angle θ13 till 2011 [14–16]. On the other hand, the
recent results from Double Chooz, Daya Bay, RENO, T2K, suggest that θ13 is non-zero and of sizable
magnitude though small. From the updated global analysis involving all the data from neutrino
experiments, we have 1σ and 3σ ranges [17] of mixing angles and the mass-squared differences as
mentioned, NH and IH stand for the normal and inverted mass hierarchies respectively [18–21].
Majorana phases are not appearing in neutrino oscillation probability and therefore can not be
constrained from neutrino oscillation data directly. As of now, any specific constraint on the Dirac
CP-violating phase δCP is still missing and so it is ranged between 0 to 2pi [22–25]. This clearly
indicates a completely different pattern of mixing in the lepton sector compared to the quark sector.
Additionally, efforts have been exercised for a long time in realizing the neutrino mixing pattern and
among these discrete flavor groups attract particular attention. A special case to be mentioned is,
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where, sin 2θ12 =
1
3
, sin 2θ23 =
1
2
along with sin θ13 = 0 resulted, called the tri-bimaximal (TBM)
mixing pattern [26].
In neutrino physics, the ongoing gigantic achievement is the disclosure of non-zero and moderately
large θ13 angle. This disclosure opens the entryway of another obscure amount of the standard three-
family portrayal of lepton flavor physics: the Dirac CP-phase (δCP ). For Majorana neutrinos, in
addition to this phase, three unknowns remain for the complete description of the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) mixing matrix: the two Majorana phases and the neutrino mass hierarchy.
The assurance of δCP may be conceivable sooner rather than later, and the trace of non-zero δCP
started to show up in global fits of oscillation parameters. In theoretically, one can go BSM in two
different possible way, one way is either one can add new particles in the SM or one can add some
new symmetry in the SM [27–29].
In this framework, we mainly consider the minimal extension of SM, with two Higgs doublets
(φ2, φ3), which helps to calculate the charged lepton masses. Similarly, we have included two right-
handed neutrino (ν1, ν2), which will give Majorana masses via type-I seesaw mechanism, in that
case one extra scalar singlet (χ) is there, which helps to make the Lagrangian invariant and it will
give mass to the second right-handed neutrino (ν2). As well as, we have included five scalar triplets
(∆i(i = 1, 2, ..5.)) which will help to get the neutrino masses through the type-II seesaw mechanism.
After adding the above particles into the model, the model improves the quality of the predictability
of the model by explaining different phenomenological consequences like neutrino masses, mixing
angles Jarlskog parameter, Dirac CP-violating phase and neutrino-less double beta decay (NDBD)
compatible with the current experimental values.
The structure of the manuscript is designed in the following way, which consists of Section-II
briefly describing ∆(27) discrete symmetry. Section-III is all about the model along with the particle
content and the full Lagrangian for charged lepton and neutrinos under ∆(27) flavor symmetry. In
neutrino physics, the recent huge success is the discovery of non-zero and relatively large θ13 mixing
angle. This discovery opens the door of another unknown quantity of the standard three-family
description of lepton flavor physics: the Dirac CP phase δCP . For Majorana neutrinos, in addition to
this phase, three unknowns remain for the complete description of the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) mixing matrix: the two Majorana CP phases and the neutrino mass hierarchy. The
determination of δCP might be possible in the near future, and the hint of non-zero δCP started to
show up in global fits of oscillation parameters. In the last section-IV, we briefly comment on the
neutrino-less double beta decay (NDBD).
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Class n h 11 12 13 14 15 16 17 18 19 3 3¯
C1 1 1 1 1 1 1 1 1 1 1 1 3 3
C2 1 3 1 1 1 1 1 1 1 1 1 3ω 3ω
2
C3 1 3 1 1 1 1 1 1 1 1 1 3ω
2 3ω
C4 3 3 1 ω ω
2 1 ω2 ω 1 ω ω2 0 0
C5 3 3 1 ω
2 ω 1 ω ω2 1 ω2 ω 0 0
C6 3 3 1 1 1 ω
2 ω2 ω2 ω ω ω 0 0
C7 3 3 1 ω ω
2 ω2 ω 1 ω ω2 1 0 0
C8 3 3 1 ω
2 ω ω2 1 ω ω 1 ω2 0 0
C9 3 3 1 1 1 ω ω ω ω
2 ω2 ω2 0 0
C10 3 3 1 ω
2 ω ω ω2 1 ω2 ω 1 0 0
C11 3 3 1 ω ω
2 ω 1 ω2 ω2 1 ω 0 0
TABLE I: Character table of ∆(27).
II. ∆(27) SYMMETRY
The discrete subgroup ∆(3n2) is isomorphic to (ZN ∗ Z ′N) ∗ Z3 symmetry. The sequence of
∆(3n2) subgroup is ∆(3),∆(12),∆(27)...., where n varies from 1,2,3...., . The non-Abelian discrete
subgroup ∆(12) of SU(3) more familiarly known as A4 symmetry, which is very useful to obtaining
the TBM of neutrinos. The non-Abelian discrete group ∆(27) has 27 elements, which are divided
into 11 equivalence classes. It has 9 one-dimensional irreducible representations 1i(i = 1, ..., 9) and
2 three-dimensional ones 3 and 3¯ [30, 30–32]. The character table of ∆(27) is given in the Table-I.
If (x1, x2, x3) and (y1, y2, y3) are the two triplets of ∆(27), tensor products of these three triplets are
given as following 
x1
x2
x3

3
⊗

y1
y2
y3

3
= 3¯⊕ 3¯⊕ 3¯
=

x1y1
x2y2
x3y3

3¯
⊕

x2y3
x3y1
x1y2

3¯
⊕

x3y2
x1y3
x2y1

3¯
. (1)
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12 13 14 15 16 17 18 19
12 13 11 16 14 15 18 19 17
13 11 12 15 16 14 19 17 18
14 16 15 17 19 18 11 12 13
15 14 16 19 18 17 13 11 12
16 15 14 18 17 19 12 13 11
17 18 19 11 13 12 14 16 15
18 19 17 12 11 13 16 15 14
19 17 18 13 12 11 15 14 16
TABLE II: The singlet multiplications of the group ∆(27).
and the other important multiplication rule between two triplets is given by,
x1
x2
x3

3
⊗

y1
y2
y3

3
=
9∑
n=1
⊕1i i=1,2,..9 ,
where, 11 = x1y1 + x2y2 + x3y3, 12 = x1y1 + ωx2y2 + ω
2x3y3,
13 = x1y1 + ω
2x2y2 + ωx3y3, 14 = x1y2 + x2y3 + x3y1,
15 = x1y2 + ωx2y3 + ω
2x3y1, 16 = x1y2 + ω
2x2y¯3 + ωx3y¯1,
17 = x2y1 + x3y2 + x1y3, 18 = x2y1 + ω
2x3y2 + ωx1y3,
19 = x2y1 + ωx3y2 + ω
2x1y3 .
with ω = e
2pii
3 , and 1 + ω + ω2 = 0.
The all possibilities of the singlet multiplications are given in the Table II.
III. THE MODEL
In this frame work, we discussed the extension of the SM with the non-abelian discrete symmetry
∆(27) briefly. Here, we added two Higgs doublets (φ1, φ2), which help to give the mass to the charged
leptons. Similarly, we included two right handed neutrinos (ν1, ν2) to get the Majorana masses of
the neutrino through type-I seesaw mechanism and one extra singlet field (χ) will help to make
the Lagrangian invariant and it will give mass to the second neutrino (ν2). Also, we added five
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scalar triplets (∆i, i = 1, 2, ..5), which will help us to calculate the neutrino mass matrix through
type-II seesaw mechanism. This type of work has been done previously [31–38], here we try to
show the neutrino mass matrix, and its phenomenology study in the following way, after adding the
previous mentioned particles. Mainly, we try to show the non-zero neutrino masses, non-zero reactor
mixing angles (θ13) and the neutrino phenomenology which will constraint with the present neutrino
oscillation experimental data. We also try to find the key parameter value of Jarlskog parameter Jcp
[39], whose range is 0.026 < |JCP | < 0.036. In this work, we try to study neutrino phenomenology
which includes neutrino mass, non-zero reactor mixing angle (θ13), large CP-violating phase(δCP ),
Jarlskog parameter (JCP ) by introducing the above particles. We also give the brief explanation of
neutrino less doublet beta decay(NDBD).
Field LeL LµL LτL eR µR τR φ1 φ2 φ3 ν1 ν2 χ ∆1 ∆2 ∆3 ∆4 ∆5
SU(2)L 2 2 2 1 1 1 2 2 2 1 1 1 3 3 3 3 3
∆(27) 3 3 3 3∗ 3∗ 3∗ 11 12 13 11 12 13 3 3 3 3 3
TABLE III: Complete field content with their corresponding charges of the proposed model.
A. Lagrangian and charged lepton mass matrix
The Yukawa interaction Lagrangian for the charged leptons is given by
−L` = Y ijk
[
LiL ⊗ `jR
] ⊗ φk (2)
= Y ij1
[
LiL ⊗ `jR
]
11
⊗ [φ1]11 + Y ij2
[
LiL ⊗ `jR
]
13
⊗ [φ2]12 + Y ij3
[
LiL ⊗ `jR
]
12
⊗ [φ3]13 . (3)
The charged lepton mass matrix after scalar fields taking their respective vacuum expectation values
(VEVs) can be written as the following way,
M` =

f1v1 + f2v2 + f3v3 0 0
0 f1v1 + ω
2f2v2 + ωf3v3 0
0 0 f1v1 + ωf2v2 + ω
2f3v3
 , (4)
where v1, v2 and v3 are the VEVs of the scalar fields and f1, f2 and f3 are the three Yukuwa couplings
respectively.
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B. Lagrangian and mass matrix for neutrino
The Majorana Lagrangian mass term is given by
Lm = −1
2
Mν ν¯c1 C
−1 ν1 + hχχ ν¯c2 C
−1 ν2 + h.c, (5)
with a symmetric mass matrix, which can be written with the following expression
Mν = aI + bD, (6)
which is invariant under Z3 symmetry and it is in Diagonal and Democratic (D) [40–45] matrix
form. Here a = Mν and b = hχζ, ζ is the VEV of χ. The general representation of Diagonal and
Democratic form can be written as in the following way
D =

1 1 1
1 1 1
1 1 1
 , I =

1 0 0
0 1 0
0 0 1
.
So that,the neutrino mass matrix for type-I contribution from Eq. (7) can be written as
mν1 =

a+ b b b
b a+ b b
b b a+ b
 . (7)
Here, from the above mass matrix, we have considered the neutrino mass matrix in such a way,
which is Diagonal-plus-Democratic. Explicitly, the calculation is explained in the Appendix.
Similarly, in the model, there are five five scalar triplets, so the Lagrangian for type-II contribution
of the model is given by
−LνYuk = f ijα `cLi`Lj ⊗∆α + f ijα
′
`cLi ⊗ `Lj ⊗∆α + f ijα
′′
`cLi ⊗ `Lj ⊗∆α
+f ijα
′′′
`cLi ⊗ `Lj ⊗∆α + f ijα
′′′′
`cLi ⊗ `Lj ⊗∆α. (8)
After VEV gain, the neutrino mass matrix for type-II contribution is
mν2 =

q 0 
0  0
 q 0
 . (9)
where, q and  are proportional to the two arbitrarily VEVs of ∆1,∆2 and ∆3,∆4,∆5 and q << .
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Here, we have considered as the VEVs of ∆1 and ∆2 are same and the VEVs of ∆3, ∆4 and ∆5 are
equal.
Now, the total neutrino mass matrix is the addition of the type-I contribution and type-II contribu-
tion, i.e mν = mν1 +mν2, which is equal to
mν =

a+ b+ q b b+ 
b a+ b+  b+ q
b+  b+ q a+ b
 . (10)
Therefore, we can diagonalise the above neutrino mass matrix with the help of the tri-bi-maximal
mixing (TBM) matrix UTBM [26]. From which, we will get three different neutrino masses and
non-zero reactor mixing angle θ13. Which can be expressed as
mν
diag = UTTBMmνUTBM. (11)
Where, the TBM matrix is
UTBM =

2√
6
1√
3
0
−1√
6
1√
3
−1√
2
−1√
6
1√
3
1√
2
.
From the above expression, the diagonalised mass matrix will be
mν
diag = UTTBMMνUTBM =

a− 
2
+ q 0
√
3
2

0 a+ 3b+ + q 0
√
3
2
 0 a+ 
2
− q
 . (12)
This is not a proper diagonalize matrix, but a block diagonal matrix. To diagonalize this above
block diagonal matrix properly, we need a rotation matrix R13, where the rotational matrix is
R13 =

cos θ 0 sin θe−iδ
0 1 0
− sin θeiδ 0 cos θ
 . (13)
So, using the rotation matrix the mass matrix can be completely diagonalised in the following way,
mdiagν = U
T
13U
T
TBMMνUTBMU13.
After diagonalising the above mass matrix, the three mass eigenvalues will be
m1 = a+
√
2 + q2 − q,
m2 = a+ + q + 3b,
m3 = a−
√
2 + q2 − q. (14)
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Here all the parameters a, , q, and b are complex, which can be rewritten in the following form
a = |a|eiφa , b = |b|eiφb ,
q = |q|eiφq ,  = ||eiφ . (15)
Using the above procedure, the input model and mixing angle θ can be related in the following way
tan θ =
√
3
1− 2α1 , (16)
where α1 is defined as | q | and φq = φq − φ ' 0 is the phase condition.
C. Results and Analysis
Indicating the parameters in this way, α1 = | q |, α2 = |a |, α3 = | b |, φa = φa−φ, φb = φb−φ are
the phase differences between (a, ), (b, ) respectively. So that, the physical neutrino masses interms
of the model parameter can be written as in the following way
|m1|2 = ||[(α2 cosφa +R)2 + (α2 sinφa + S)2],
|m2|2 = ||[(α2 cosφa + α1 cosφq + 3α3 cosφb)2 + (α2 sinφa + α1 sinφq + 3α3 sinφb)2],
|m3| = ||[(α2 cosφa −R)2 + (α2 sinφa − S)2]. (17)
Here,
P = 1 + α1
2 cos 2φq − α1 cosφq,
Q = α1
2 sin 2φq + α1 sinφq, (18)
and
R2 =
P +
√
P 2 +Q2
2
,
S2 =
−P +√P 2 +Q2
2
. (19)
Here, the phases associated with the light neutrino masses are
tanφ1 =
α2 sinφa + S
α2 cosφa +R
,
tanφ2 =
α2 sinφa + α1 sinφa + 3α3 sinφb
α2 cosφa + α1 cosφa + 3α3 cosφb
,
tanφ3 =
α2 sinφa − S
α2 cosφa −R. (20)
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From the above equations, the physical masses of the neutrinos can be calculated in the following
manner
|m1| = |a+
√
2 + q2 − q| = |||(α2eiφa +K)|,
|m2| = |a+ + q + 3b| = |||(α2eiφa +G)|,
|m3| = (α2eiφa −K). (21)
Where, the expression for K and G is
K =
√
1− α1 + |α1|2,
G = 1 + α1,
(22)
We survey the correlation between the model parameters, which will ompatible with the 3σ limits
of the current oscillation data, for which we execute a random scan of these parameters over the
following ranges
a ∈ [−0.1, 0.1]eV,  ∈ [−0.1, 0.1]eV, α1 ∈ [−0.1, 0.1]eV, (23)
α2 ∈ 1eV, α3 ∈ [0, 0.3]eV, φa,b,q ∈ [−pi, pi]. (24)
Hereafter, we moved to discuss especially the constraints on different parameters from the recent
neutrino oscillation experiment results for checking the vanishing and non-vanishing Dirac CP (δCP)
phase, by fixing various model parameters with the above mentioned ranges.
Here, we analyse the dependence of various model parameters, which are consistent with the ap-
proximated 3σ values of neutrino oscillation experiment results. The interconnection and constraints
between these model parameters are shown in the following FIG.1 to FIG.5. In this case, the model
parameter α2 is fixed, whose value is 1, and the phase φq is zero, which is associated with the
model parameter α1. Similarly, the other model parameters α1 and α3 vary from -0.1 to 0.1 and 0
to 0.03 respectively, which in turn gives a favorable parameter space for α3 to lie within 0 to 0.03 in
FIG5b. FIG1a shows the correlation between the model parameter φ3 with φ1, FIG1b represents the
correlation between the model parameter φ3 with φ2 respectively. The phase of α2 i.e φa is strongly
constrained from the neutrino mass bound. Which lies between the values -3 to 0.45 , 0.45 to 2.6
and 2.8 radians respectively, which is shown in the FIG5a. FIG2a shows the correlation between
the parameter φ1 with a and FIG2b shows the variation between φ1 with total active neutrino mass.
Similarly, FIG3a shows the variation between the parameter φ3 with total active neutrino mass and
10
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FIG. 1: This plot shows the variation between φ3 and φ1 (a), φ3 and φ2 (b) respectively.
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FIG. 2: This plot represents the variation between φ1 and a (a), the total active neutrino masses
∑
mν and
φ1 (b) respectively.
FIG3b shows the variation between total active neutrino mass with . From the FIG2b and FIG3a,
we found the Majorana phases φ1 and φ3 (in radian), whose allowed ranges are -0.3 to 0.2 , 3.6
and -0.3 to 0.2 respectively. Likewise, the FIG4a and FIG4b shows the variation between effective
neutrino mass with  and total active neutrino masses (
∑
mν) with effective mass meff respectively.
For a special case, we have taken α3 = 0, φb = 0, φq = 0. Then, the mass squares in terms of the
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FIG. 4: This plot shows the variation between he total active neutrino masses
∑
mν and  (a) the total
active neutrino masses
∑
mν and effective neutrino mass meff (b) respectively .
model parameter can be written as
|m1|2 = ||2(α22 +K2 + 2Kα2cosφa),
|m2|2 = ||2(α22 +G2 + 2Gα2cosφa),
|m3|2 = ||2(α22 +K2 − 2Kα2cosφa). (25)
Now, the model parameters can be used to find the neutrino oscillation data through the ratio of solar
and atmosphere mass squared differences, where we can get the relation from r =
∆m2
|∆m2A|
[46–49], here
the mass squared differences can calculate from the physical mass eigenvalues using the following
relations, ∆m2 = ∆m
2
21 = m
2
2 −m21 and |∆m2A| = |∆m231| = m23 −m21 ' |∆m232| = m23 −m22. The
12
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FIG. 5: This plot shows the variation between φ3 and φa (a) α3 and a (b) respectively.
above mass squared difference values can be calculated interms of model parameters in the following
way, where
∆m221 = ||2(G2 + 2Gα2 cosφa −K2 − 2Kα2 cosφa),
∆m221 = ||2(G2 −K2 + 2(GK)α2 cosφa),
|∆m231| = −4K||2α2 cosφa. (26)
From the above equation (26), we can calculate the mathematical expression of the parameter r
interms of the model parameter, which will be
r =
(K2 −G2 + 2(K −G)α2 cosφa)(α22 +K2 − 2Kα2 cosφa)
−4Kα2 cosφa(α22 +G2 + 2Gα2 cosφa)
. (27)
From the Table-IV, the best fit values of solar and atmospheric mass-squared differences are ∆m221 =
7.56×10−5 (for both NO and IO), ∆m231 = 2.55×10−3 (for Normal Ordering) and ∆m231 = 2.47×103
(for Inverted Ordering) respectively. Using these experimental results in the Eq.(27), the value of r
is 0.032± 0.006).
D. Interconnection between the mixing angles
Generally, there are nine degrees of freedom (dof) in a 3 × 3 matrix. However, among nine dof
five real parameters can be absorbed as phases of the lepton fields in the PMNS matrix. Where,
the PMNS matrix can be described by four free parameters. So that, the PMNS matrix can be
parametrized by three mixing angles (θ12, θ13 and θ23) and one phase (δCP ) who is related to the
charge parity violation. PMNS matrix is the standard mixing matrix for neutrino within the mixing
13
Parameter Best fit ± 1σ 2σ range 3σ range
∆m221[10
−5eV 2] 7.56±0.19 7.20–7.95 7.05–8.14
|∆m231|[10−3eV 2](NO) 2.55±0.04 2.47–2.63 2.43–2.67
|∆m231|[10−3eV 2](IO) 2.47+0.04−0.05 2.39–2.55 2.34–2.59
sin2 θ12/10
−1 3.21+0.18−0.16 2.89–3.59 2.73–3.79
sin2 θ23/10
−1 (NO) 4.30+0.20−0.18 3.98–4.78 & 5.60–6.17 3.84–6.35
sin2 θ23/10
−1 (IO) 5.98+0.17−0.15 4.09–4.42 & 5.61–6.27 3.89–4.88 & 5.22–6.41
sin2 θ13/10
−2 (NO) 2.155+0.090−0.075 1.98–2.31 1.89–2.39
sin2 θ13/10
−2 (IO) 2.155+0.076−0.092 1.98–2.31 1.90–2.39
TABLE IV: The experimental values of Neutrino oscillation parameters for 1σ, 2σ and 3σ range [17, 50].
angles. The standard PMNS matrix [12, 13]is give by
VPMNS =

c12c13 s12c13 s13e
iδcp
−s12c23 − c12s13s23eiδcp c12c23 − s12s13s23eiδcp c13s23
s12s23 − c12s13c23eiδcp −c12s23 − s12s13c23eiδcp c13c23
 · P, (28)
where P is the Majorana phase matrix,
P =

1 0 1
0 e
iρ
2 0
0 0 e
iσ
2
 .
and sij(cij) is the sine (cosine) angle of solar, atmospheric and reactor mixing angles, whose values
are known from various neutrino oscillation experiments and thus we can constrain input model
parameters as these mixing angles are related to the input model parameters. Here, from the PMNS
matrix, δCP is the Dirac CP-violating phase and ρ and σ are the two Majorana phases respectively.
In this model, we used the TBM matrix (UTBM) and the rotation matrix (R13), to diagonalise the
model neutrino mass matrix. So, the model mixing matrix will be in the following form
UPMNS = (UTBM ·R13),
=

2√
6
cos θ 1√
3
2√
6
sin θe−iδ
−1
6
cos θ + 1√
2
sin θeiδ 1√
3
−1√
6
sin θe−iδ − 1√
2
cos θ
−1
6
cos θ − 1√
2
sin θeiδ 1√
3
−1√
6
sin θe−iδ + 1√
2
cos θ
 . (29)
Comparing this modified model UPMNS matrix with the original standard PMNS matrix, we will get
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FIG. 6: This plot shows the variation between JCP and sin θ13 (a), δ and ψCP (b) respectively.
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FIG. 7: This plot shows the variation between ψCP and sin
2 θ13 (a), sin
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2 θ12 (b) respectively.
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FIG. 8: This plot shows the variation between the mixing angle θ13 and the internal angle θ.
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FIG. 9: This plot shows the variation between the mixing angle θ23 and the internal angle θ.
the mixing angles expression in the following way
sin2 θ13 = |U13|2,
sin2 θ12 =
|U12|2
1− |U13|2 ,
sin2 θ23 =
|U23|2
1− |U13|2 . (30)
Explicitly, we can write the mixing angles(θ12, θ13, θ23) in terms of rotation angle θ using the above
equations in the following manner
sin2 θ13 =
2
3
sin2 θ ,
sin2 θ12 =
1
3− 2 sin2 θ ,
sin2 θ23 =
1
2
(
1 +
√
3 sin 2θ cos δ
2 + cos 2θ
)
. (31)
Similarly, the cosine mixing angles we can calculate from the above equations, which will be
cos θ13 =
2 + cos 2θ
3
,
cos θ12 =
2 cos2 θ
2 + 2 cos 2θ
,
cos θ23 =
1
2
(
1−
√
3 sin 2θ cos δ
2 + cos 2θ
)
. (32)
The variation of the solar, reactor and atmospheric mixing angles (θ12, θ13, θ23) with the model
parameter (θ) and the Jarlskog parameter JCP is shown in the FIG6 and FIG7 respectively. Sim-
ilarly,FIG8 and FIG9 shows the variation between the mixing angles θ13 and θ23 with the internal
16
angle θ respectively. One, very important key parameter, Jarlskog rephrasing invariant parameter
(JCP ) interms of mixing angles can be calculated in the following way
Jcp = Im(Ue1Uµ2U
∗
e2U
∗
µ1) (33)
⇒ Jcp = −
√
1− sin2 θ12 sin δ
6
√
3 sin2 θ12
√
3 sin2 θ12 − 1. (34)
With, few steps of simple algebra, the key parameters, cos δ and Jcp relation with the mixing pa-
rameters can be find in the following way,
cos δ =
− cos 2θ23√
3 cos θ12
√
3 sin2 θ12 − 1
,
Jcp =
−
√
1− sin2 θ12 sin δ
6
√
3 sin2 θ12
√
3 sin2 θ12 − 1. (35)
IV. REMARKS ON NEUTRINO-LESS DOUBLE BETA DECAY(NDBD)
The famous NDBD process involves the simultaneous decay of two neutrons from the nucleus of
an isotope (A,Z) into two electrons and two protons without emiting any neutrinos in the final state.
For the first time neutrino less double beta decay (0νββ-decay),
(A,Z)→ (A,Z + 2) + e− + e− (36)
The parametrization of the PMNS mixing matrix UPMNS is given by in equationnumber. Using this
PMNS mixing matrix, the effective Majorana parameter can be read as
mee =
∣∣∣U2e1m1 + U2e2m2eiσ/2 + U2e3m3eiρ/2∣∣∣
=
∣∣∣2
3
m1 cos
2 θ +
1
3
m2e
iσ/2 +
2
3
m3 sin
2 θeiρ/2
∣∣∣. (37)
Here m1,m2,m3 are light neutrino masses, ρ & σ are Majorana phases. The two Majorana phases,
ρ and σ, affect neutrino double decay [51]. Their dependence in the neutrino-less double beta decay
matrix element is,
|mee|2 = m21 |Ue1|4 +m22 |Ue2|4 +m23 |Ue3|4 (38)
+2m1m2 |Ue1|2 |Ue2|2 cosσ
+2m1m3 |Ue1|2 |Ue3|2 cos ρ
+2m2m3 |Ue2|2 |Ue3|2 cos(σ − ρ) .
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V. CONCLUSION
In this framework, we have investigated about the neutrino phenomenology, which incorporates
the non-zero neutrino masses and the non-zero reactor mixing angle (θ13) with the assistance of non-
abelian discrete flavor symmetry ∆(27). We have included two Higgs doublets in SM, which helps
to calculate the charged lepton mass matrix. Essentially, we have added two right handed neutrino
(ν1, ν2), which transforms as singlets (11, 12) under SU(2)L and ∆(27). From which we can calculate
the Majorana mass term, one singlet particle(χ) has been added to make the Lagrangian invariant
and later it offers masses to the second neutrino by means of type-I seesaw mechanism. Likewise,
we have included five scalar triplets which transforms as triplets under ∆(27) symmetry. Utilising
these five scalar triplets (∆i), one can compose the interaction mass terms through type-I seesaw
mechanism. The choice of these particles causes us to ascertain the neutrino masses, Yukuwa mixing
matrix and non-zero reactor angle (θ13) as well as non-zero CP-violating Dirac phase (δCP ), which
limits along with present experimental data. Here, we have extended our model with neutrino-less
double beta decay (NDBD) phenomenology too. This model likewise portrays the non-zero δCP
and the key parameter Jarlskog parameter(JCP ). It also depicts about the effective neutrino masses
in-terms of the Majorana phases.(σ, ρ).
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VI. APPENDIX
We consider a neutrino mass matrix is Diagonal-plus-Democratic matrix. The Lagrangian is
invariant under flavor transformation νL → ZνL ,where Z is a regular representation of the cyclic
group Z3 and Z ∈ {c, c2, c3}, where
c =

0 0 1
1 0 0
0 1 0
 . (39)
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The Majorana mass term will remain invariant under this transformation, if Mν is a b times Demo-
cratic matrix, which can be written as
ZMν(demo)Z
† = Mν(demo). (40)
The regular representation of Z3 can be diagonalized using the tri-BI-maximal mixing T , where
T =

1√
3
1√
3
1√
3
ω√
3
1√
3
ω¯√
3
ω¯√
3
1√
3
ω√
3
 . (41)
Here, 1 + ω + ω2 = 0, ω = e
2pii
3 . From which, one can calculate the following expression as
TcT † = d (42)
where
d =

1 0 0
0 ω¯ 0
0 0 ω
 . (43)
Here, the notations c and d are the generators of the ∆(27) symmetry [30]. If the neutrino mass
matrix is diagonal, then
dMν(diag)d
† = Mν(diag). (44)
To build a model with Diagonal-plus-Democratic neutrino mass matrix, we need to use the finite
discrete group having generators c and d, and generate a discrete group (Z3×Z3)×Z3. This group
is known as ∆(27), a subgroup of SU(3) . Diagonal-plus-Democratic neutrino mass matrix is
Mν1 =

a+ b b b
b a+ b b
b b a+ b
 . (45)
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